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The problem of stabilized plane capillary-gravitational waves of finite ampli=
tude at the surface of a stream of perfect incompressible fluid flowing over an
undulating bed and subjected to pressure periodically distributed along the sur-
face and defined by some infinite trigonometric series is considered, The inter-
section of the bed with a vertical plane is assumed to be a periodic curve,
called the bed line, defined by some infinite trigonometric series,

The problem is rigorously formulated and reduced to the solution of a system
of nonlinear integral and transcendental equations, The solution is constructed
in the form of series in powers of a small dimensionless parameter to which
amplitudes of the first harmonics of the bed line and of the surface pressure
wave are proportional, An approximate equation is derived for the wave pro-
file.

The particular case is considered, when the length of the bed line wave arc
is equal to the length of the stabilized free wave line corresponding to the
specified flow velocity over a horizontal flat bed and constant pressure along
the surface. In such case the parameter of the integral equation is equal to
one of the eigenvalues of the kernel of that equation and the solution is con-
structed in the form of series in powers of the cube root of the small parame-
ter mentioned above,

A similar problem but for constant pressure along the surface was considered
by the author in [1, 2] and in his paper presented at the 13-th International
Congress on Theoretical and Applied Mechanics (Moscow, 1972 [3]).

Another similar problem of capillary~gravitational waves over an undulating
bed was considered in [4], where besides the topological proof of the existence
and uniqueness of solution the algorithm for constructing the latter is given,
but the calculation of approximations is only outlined and the mechanical
meaning of solution is not investigated in depth,

Unlike in [4] the equation of the bed line and the expression for pressure at
the surface are specified here in a form which makes it possible to express any
approximations in the form of finite sums, and an analysis of the fundamental
system of nonlinear integral and transcendental equations by the Liapunov-
Schmidt analytical methods and their developments is presented,

1, Statement of problem and derivation of fundamental equa-
tions, Let us consider the stabilized plane-parallel motion of a perfect incompres-
sible heavy fluid bounded from above by a free surface subjected to pressure p, =
Po + po(2), where p,/ = const and p, () is a specified periodic function of the
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On particular form of capillary-gravitational waves at the surface of fluid 969

horizontal coordinate .. The fluid is bounded from below by an undulating bed whose
intersection with the vertical plane of flow is defined by a certain specified periodic
doubly differentiable curve L called the bed line, It is assumed that the wavelike line
L is symmetric with respect to verticals passing through its crests and the middle of
troughs. Let us assume that the specified mean horizontal velocity ¢ of flow is constant
for y = 0 (see below) and is directed from left to right.

Owingto the periodicity of pressure specified at the stream surface and of the bed line,
the free surface is a stationary periodic wave in coordinates attached to the wave pro-
gressing at velocity c. Such waves are produced by undulations of the bed and pressure
distribution along the fluid surface, If the bed is a horizontal plane and the pressure
constant, these waves disappear and the flow is a uniform stream, Waves generated by
an undulating bed at varying as well as at constant pressure at the surface will be called
induced waves [2] as opposed to free waves which exist in the case of a horizontal flat
bed and constant pressure at the surface at certain specific flow velocities,

Let the crest of a wave of curve L lie on some vertical line, and let the unknown
wave and the curve representing pressure p, () be symmetric about this vertical and
the vertical drawn through the middle of the trough of line L. We superpose the y-axis
of the rectangular coordinate system zy on the axis of symmetry of the crest and direct
it vertically upward, We locate the coordinate origin O at the point of intersection of
the y-axis with line Z and direct the Z-axis from left to right along the tangent to the
bed line, Let the period (or the wave length) of line L be A. Along the length of the
wave between two crests there is at least one trough (in the general case there may be
several crests and troughs along this length), It is assumed that line L has horizontal
tangents at points x = 0 and 2z = 4= !/,A. We define the angle between a tangent
to line L and the x -axis in the form of function © (s) , where s is the length of wave
arc measwred from zero, The positive direction of a tangent is that which corresponds
to increasing length of arc s. We denote by 2/ the length of arc of line L correspon~

ding to the period along z, i.e. for 0 <<z <C A Atz = — Y/, A and g = /,A the
lengths of arcs are, respectively, s = — [ and s = [, Since ©(s) is a continuous
function of s, which changes its sign at the crest tops and at the middle of troughs,
h
ence B0)=0() =0(—1) =0 (1.1)
By virtue of the specified condition of symmetry we have
O(—1l+s=—0(—5% (1.2)

Assuming that the slope of line L is small, in accordance with the condition of period=-
icity and conditions (1,1) and (1.2), we specify function @ (s) in the form of the fol-
lowing trigonometric series:

00

. nms
(G (S) = 2 SnB,,, sin ————l (1. 3)
n=1
where ¢ is a small positive dimensionless parameter, §, are specified real numbers,

and the series Z e"B,, is convergent within a circle of radius &, >> (. Using func-
n=1

tion O (s) , we can write the equation for the bed line as
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8
z = Scos O (s)ds, y=\sinO(s)ds (1.4)
1)
which implies that A — the length of the wave of line L. — is defined by formula

2l

S Dw

\ —_—S cos O (s)ds (1.5)
0
It follows from (1.3) and (1, 5) that A is the following known function of &2
oo 2
A=hot D ht® ho=20, M=0, ho=—LL %=0 .6
n=1
where A, (n == 4,5, ...) are polynomials in {;. It is assumed that the length of

the unknown stabilized wave of the flow over an undulating bed and the period of the
specified function p, (r) are equal A. We take the flow plane zy as the plane of the
complex variable z =— x 4 iy. Let ¢ be the velocity potential, 1 the stream func-
tion, w = ¢ -+ iy the complex potential of velocities,and U/ and V projections
of the velocity vector ( on the coordinate axes, We then have

dwldz = — U 4 iV, U = — 0g/ox, V = — d9/dy

To derive fundamental equations of this problem from boundary conditions we confor~
mally map the region occupied by one wave, which is represented by a vertical rectan-
gle bounded from above and below by wavelike curves, into the rectangle

I<e<< g, 0TV,

in plane w{where 1 = v, is the flow discharge rate per unit of time, ¢ = O and
@ = @ for r = (0 and x = A), tespectively), and then map this rectangle onto the
interior of a circular ring whose center is at the zero of plane ‘u = u,; -+ iu,. The
last transformation is given by formula
o B
W = prT lnu (1. 7)

The segment 0 < @ < @, which corresponds to the free surface now becomes the cir-
cumference of the external circle of unit radius, and the segment which corresponds to
the bed becomes the circumference of the inner circle of radius r, = exp (— 2my, /
@) smaller than unity. The ring is slit along segment (r,, 1). The solution is derived
on the assumption that v, / ¢, and, consequently, also r, are specified and independent
of & (see (1.3)). The image of this ring of plane i inthe region of a single wave of
plane z is determined by the relationship

dz A etewl

du 27 u

) o) =0+ir (1.8)

Setting ¢, — cA, by virtue of (1. 7) and (1, 8) we obtain
dw/dz = — cev—i®

This implies that throughout the stream function (D is equal to the angle between the
velocity vector q and the x -axis, and that

q=|q|=ce
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Since function @ (u) is holomorphic, it is represented inside the considered ring of
plane u by a Laurent expansion, It can be shown that owing to the symmetry of the
wave, bed line and pressure p, (z), the coefficients of that series must be real. For y =
€' (0 is the angle between the radius vector and the u,-axis) from (1, 8) we obtain a
differential relationship which, after separation of real and imaginary parts and integra-

tion, yields for the wave profile the parametric (1, 30)
9 Lo
2= — g\ esoman, y=— - \esindman @
0 0
In determining y we assume that the coordinate origin is transferred to the top of the
wave crest; and in (1, 9)

) =t(,m), @@=,
It follows from (1. 9) that for solving the problem it is necessary to determine in addi-
tion to @ (6) also T (0). Owing to the symmetry of the unknown wave about the ver-
tical passing through the crest, function 1 (0) is even and function @ (0) is odd, Hence
they can be represented by the following trigonometric series:

—T(0)= Ao+ D) A,cosud, D@O)= D B,sinnd  (1.10)
n=1 n=i1
It is shown in the theory of analytic functions that along the external circumference the
relationships 27

21
d® dCD*
—t@)— 4= { K055 dn—2\ N, 0% (1.11)
0 0
1 < cos 11 cos nd . 1 . cos n1 cos nf
K(n0)=— 2 =520 N(n,0) = ) S810std
n=y n n=1 n
. ran._r:, ._ - n L_ I _,1_
Vy = n_r_an_F_ron ] Vp = n(ro TI'o )7 v:2 - ’V;LZ na
T d T dD*
®©0) = | Ko(n,0)-T-dn+2{ M0 F2-d
0 0
Ko (n, 8) = 1 2 sin nn sm nd , M(n,0) = 2 cos nn sm nd
n=1
vn” = n r(in + r"n ’ v:*: n (’"on -+ ro—n), 'Vn"vn” = n?
7‘0 — Ty

where t* () = 7 (r,, 8) and ®* (6) = @ (r,, 6) which follow from Villat's equa-
tions for the ring. Owing to the symmetry of the bed line, expansions (1,10) are valid
for these functions but with other Apand B, (n =1, 2, 3, . . ). Passing to the bound-
ary condition at the surface, we use for it the Bernoulli integratl

plp=C—gy— 1y (1.12)

where C is a constant, g is the acceleration of gravity, and p is the density, The
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pressure difference at the free surface is balanced by the normal component of surface
tension forces, In accordance with the law of Laplace for these forces we have

P—po=xpu/R (1.13)

where p is the pressure from the fluid side, p, = p,’ + Po (z) is the pressure from
the side of the free surface, p is the capillary constant,and R is the radius of curva~
ture at points of the surface, From this, by expressing the curvature in terms of dQ/d9,

we obtain 2 d®
P—Po=" gy .14
Substituting the expression for p from (1,14) into (1. 12), we have
am s ~c 25 -~ -
< =" lée — € — S wye”" — po¥(x) e ‘] (1.195)

po¥(z) = 228 (1,16)

Ao s 2(Cp—pv)
pc?

4 - pc3
where x and y are determined by formulas (1. 9) as functions of § . Separating in the
right-hand side of (1. 15) terms linear with respect to @ and 1, weé obtain
9

8 vt —@+ T+ Omadn— (1.17)
0

K= mee !

S@U—ﬂ+FW®J&ﬁ
Fit,®,8,8| =d8(e"—1+1)—(¢—1—7)+
8

e~ { [ sin @ () — @ ()] dn —

0

xSfD(n) dnj+ e S O(M)dn—S@O) (e —1+7)

We assume here that within the accuracy of the constant included in Po’

o0

Po (2) = 2 £"d, cos '—Z%n—x = S (9) (1.18)
n=1

where g is the same small parameter which appears in (1.3), d, are specified real

numbers, and the expansion 2g"d, is convergent in a circle of radius g, >> 0 (see

(1.3)). To determine $ (0) we must substitute into (1,18) the values of / A obtained
3}

t
from equation - {

T T 2n

5 e+ cos D (m) dn (1.19)
0
which follows from (1, 9). The expression for y is taken into account in (1.17),

Let us determine more accurately the parameters in Eq, (1,17). It follows from
(1.6) and (1,10) that .

C'ZPXO ’V(O)
v = v | 2 Vg ) = g () — - Mn (1.20)

n=i\

0
n gho __ %o
%:K0+2%n8, %0——‘“62, M"”To_)“"
n=1
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By virtue of (1, 20) Eq, (1,17) assumes the form

]
- v<°>{a-1—(6+1)r+xo§®m>dn+zsxngcb(n)dn-«- .21
0

0 n==}

S(G’)(i-~c)+F[r,®,S,§]} + 3 e%m){. }
n==l

where the expression omitted in the second braces is the same as in the first ones, Terms
linear with respect to 7, @ and & in braces in (1, 21) are transformed by using formulas
{1.11) and integration by parts. After this we combine in the first braces terms (with
coefficients 2 and — %,) with the same integrand d@ / dnj and different kernels
K (n, 6) and Ky (n, 6) from (1.283). Since velocity ¢ is specified, hence parameters
V(% and %, are fixed, and § is determined by the condition of periodicity: @ (6 +
2n) = @ (0). Since the right-hand side of Eq. (1.21) contains parameter g, hence
the solution and, consequently also § depend on €. Let us set

8 =08, + & (e) (1.22)

For & — ( from the condition of periodicity we find that §, == { since the solution
and &' (g) then tend to vanish,

After all these transformations with allowance for (1, 22), Eq, (1, 21) assumes its final
form (dots in the second braces stand for the last six terms appearing in thé first braces)

2n
£ @ =" f§ K*m,0Lmdn+ ¥ @) — (1.23)
0
22+ 8 (@) § Nn,0)3* (M dn+ @+ & (e) o e) +
g
b1 2n
@ § KM OTedn+ o Kan OLman+ ¥ 0,0} +

) v {2 SK(mB)C(n)dn——xoSKa(n,ﬁ)i(n)dn+ 3

n=]

§(0) =dd/do, §*(6)=dD*/do

PO.0= 3 1 Scbm)dn SO[1+ 40+ S K (n, 6 () dn —

==}

A
2 N0 (dn ]+ F v, D, 5,1+ 8 e)]
[

o 0, M, 0
Kz(’r],e) i Zcosnncosne’ K*(1,0) = 2 2 n
n=} L
n2 cos nb
Vi == "“"2\)7" Cpunpvegl Pn (0) = V=

where v, are eigenvalues and @, (8) eigenfunctions of kernel K* (v, 6). The condi-
tions of periodicity for function @ (8) yields the expression
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(€)= —u § Ko(n,00E(mydn— 2+ & (e)) 4, — (1.24)

bad oo
1 1 ¥(% 14 ’
5 S 6,90~ 55 3 e {[@+@+6 @) a0+
2n

2n
% § Ka(n,05(m)dn] 2% + § ¥ (0,e)a0}
0 0

Let us consider boundary condition at the bed for r = ry. The flow must evidently
follow the contour of the bed, Because of (1. 3) the condition for this is of the form

o0

@*(8) = O [s(8)] = ) &Py sin 50 (1.25)
n=1
To obtain this condition in its final form it is necessary to determine function s (0).
We recall that for r = r,
dz = — X v @i ®) g
21
Hence N
— — D (D) .o
ds = |dz 5o € do (1,286)

The minus sign in this formula shows that positive increments of arc s correspond to

decrements of 8, From (1.26) we have
[}

ge“'*(’” dn (1.27)
0

We select coefficient A, (&) so as to have the length of the bed line arc, which corre~
sponds to a period, equal to the specified value of 2[. In accordance with (1, 27) this

2
P23

s{0) = —

condition is determined by formula .
2= — 5 S e dn
0
or
2n
2]e~Ao(8) = %t_ X e-f*(—ﬂ)-An (€) dr] (1.28)

0
and by virtue of (1.10) for T* and (0* the exponent — t*(-—n) —4 (€) does not con~
tain 4, (€).

Note that another equation may be derived for defining the equality of bed line and
surface wave lengths of the fluid., Using the relationship between v,*2 and wv,'? it would
be possible to show that this condition which follows from (1,23) is equivalent to (1.28).

It follows from (1. 28) that the expansion of s (6) in powers of &€ has a single secular
term, hence 0o ;
$(6) = — =0+ D) &5, (8) = — 0+ (6) (1.29)

n=1
Differentiating (1. 25) with respect to 0 and allowing for (1,27), we represent the bound-
ary condition at the bed in the form

£*(0) = — B e (1.30)
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Using expansion (1,29) it would be possible to obtain (1, 30) in the form given in [2],
Function * (6) on Egs, (1.27), (1.28) and (1, 30) is determined by formula
2n n
ao* . d
—-r*(G)—Aom——SK(n, e)%dnJrz\N(n,e)%’dn (1.31)
0 0
which is derived similarly to the first of formulas (1,11).
The problem is thus reduced to the determination of functions

£(8,e)=dD/do, *(0,e)=dd*/do, z(0,¢e)/ A s(0,ce)

and constants § = 1 -+ 8'(g) and 4, (&) by the system of Egs. (1.19),(1.23),(1.24),
(1.27),(1.28) and (1, 30), with T (0, &) and ©* (0, €) determined by (1,11) and (1. 31)

and 0
®(9, &) = {2 (n, &) dn, ©*(6, &) = {£* (n, &)dn (1.32)
0 ]

Eliminating with the use of formulas (1,11), (1,19),(1.27), (1.28) and (1. 31) from this
system T (9), T* (8), z (0)/A, s (6) and A, (¢) and representing @ (0, e) and ®* (9, &) in
the form (1, 32), we find that (1, 23) and (1, 30) are nonlinear integral equations with
respect to { {6, £) and {* (6, £), and (1, 24) is a transcendental equation with respect to
8’ (¢) with functionals relative to the unknown functions, For the convenience of solu-
tion it is, however, expedient not to carry out this elimination and consider only the in-
tegral equation (1, 23) as nonlinear with respect to { (8, ), while considering the re-
maining equations, including (1. 23) as nonlinear transcendental equations with respect
to functions {* (9, ), = (8, €)/A and s (0, €) and constants §’ (¢) and A, (g) with linear
operators and functionals relative to the unknown functions.

In solving this problem we have to consider two cases: (1) v(® = v and (2) v =
Voo

In the first case the solution is constructed in the form of series expamsions in integral
powers of parameter ¢ ,and in the second in €'%. In both cases Fredholm linear integ-
ral equations of the second kind with kernel K* (1, 0) and parameter v(®) are obtained
for the coefficients of expansion { (8, £) . For the coefficients of expansions of remain-
ing unknowns, a system of linear algebraic equations which are always solvable, is ob-
tained, Equations for the first coefficients of these expansions for v(0) == v_ and v(® ==
v, are analyzed in Sect. 2,

We note the mechanical meaning of the limit solution for &€ — 0. We can show, as
in [2], that at the limit the flow becomes a uniform stream over a horizontal bed with
a horizontal free surface,

2. Solution of the linear problem, 2.1. Solution of the linear
problem for v©® ==1v, and analysis of the kernel of Eq. (1.23), The
solutions of Egs, (1.23) and (1. 24) in the form of series in &'s are

2n 27

£ (0) = vO [ § K* (1, 0) L () dn + 8, + 240+ 20 § Kaln, O La() dn| (2.1
Q 0

2
8y = — %o § Ky (M, 0)La(m)dn — 240 (2.2)
Q
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We obtain the same system if we assume that {* (0) = 0 and S (8) = 0 in(1.23)
and (1, 24), as in the case of a free wave over a flat bed, and restrict the analysis to
linear terms,
Eliminating &, from (2. 2) and (2.1) and discarding the subscript, we obtain
P44

L () =vo \ K*(n, )¢ (n)dn 2.9

This equation is a Fredholm homogeneous linear equation of the second kind, hence by
the second Fredholm theorem it has a nonzero solution for v(® = v . where v, is the
eigenvalue of kernel K* (1, 0). On the other hand, by virtue of (1, 16) parameter
v® >0 and in accordance with (1,23) v, depends on 7 and %,, with the latter con~
sidered fixed, We must, therefore, investigate the dependence of v, on n for fixed Xo.
A detailed investigation of this dependence is given in [6].

Let us now consider n as fixed and investigate the relationship between v(® and %,
for which a nonzero solution of Eq, (2. 3) exists, Setting v(® == v_, from (1.28) we

obtain
1

N

S 2V, — %) (2.4)

Substituting into this equation the expressions for v(®) and %, from (1,18) we obtain the
known dependence between ¢* and A,

2mpn | gha o
2 (;\0 ‘zy“) th<2ﬂ:n }w) (2.5)

Formulas (2, 4) and (2. 5) were also analyzed in detail in {6].
Here we present only some of the results of the analysis of the linear problem solution,
Theorem 2,1, Let g 1 .
—o = 7w BV — %)

where n is a fixed positive integer, Then for all %, in the interval 0 < %, << 2v,,”
Eq. (2. 3) has the nontrivial solution

§(0) = C19,.(0) = ~—V ~ cos nf
y 2 {m?2 2 )
- 9 (v ‘n — 2y

o *%g})z ( rr:‘;._.n?. =

where m is a positive integer, then
L(8) = Cagm (9) = "’“vn cos m@
are particular solutions linearly independent of tp,, (6) and the general solution is

£ (0) = Cy, (8) 4+ Copn (B) = V — cos nd - —‘7; cos mb

The value %o = %,("™ is called bifurcational, and waves corresponding to that value
and determined by the solution in the form of a sum of two harmonics are called double~
waves, The eigenvalue v, = v,, related to %o = %™ is binary,

Theorem 2.2. Curve ¢® == ¢? (A,) representing Eq, (2. 5) has a vertical asymptote
Ao = 0 and a horizontal one ;2 — gp, The value ¢*p;p Wwhich corresponds to Ao =
Ao*, where Aq* is the positive Toot ot some transcendental equation, We call therelated
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%o = %o* critical and from (1.16) we have for it the expression
*o* = ___g?;o*

med o
The branch of curve ¢* = ¢? (A,) which corresponds to 0 << A, << Ag*or 0 << x, <
%o defmes waves called capillary-gravitational, while waves which occur for 4, >
Ao*or ®o™ << %o << 2v,,” are called gravitational-capillary,

2.2. Solution of the linear problem in the case of v©® -t wv,.
To analyze in a linear approximation the possible forms of the free surface in depend-
ence on the wave propagation velocity we assume that the bed line is specified by

Of(s)=¢e 2, B, cos il (2.6)
Then = -
L* (0, &) = ef,* (0) = — & 2} B; cos if (2.7

As the result of solving the related linear nonhomogeneous integral equation for w(0) =
v, we obtain for function { (0, &) the following expression:

4B, .

£ (8, €) = ev® 21 o _—v“’)) (V - — di> cos if (2.8)

Integrating (2. 7) and (2, 8), we obtain
D* 0, 8) = —¢& 2 —L sin if (2.9)

i=1

v 48, -
d (0, ) = ev® 2 __._(_0); (v - — di> sin i0 (2.10)
It can be shown that

vi — VO >0 for c<gc (2.11)

v; —vO0 <0 for ¢ > ¢

where ¢; denotes the wave velocity determined by formula (2,5) for i = n. The con-
dition that Y
¢® > £ th (2anihy / @o) (2.12)

which follows from the positiveness of v,, is taken into consideration in the proof, Since
v® > 0 and v; >0, the signs of coefficients in formula (2,10) are determined by
the signs of 1 48,

— ) <— — )
Let (4B;/v;* — d;) > 0 and B; > 0, then it follows from (2,11) thatthe coefficients
at related terms in (2. 9) and (2.10) hve different signs for ¢ << ¢; and the same signs
for ¢ > ¢;. The analysis of formulas (2, 9) and (2,10) with the use of inequality (2.11)
leads to the following conclusions,

Let the inequality c,,_; <Cc¢ <C ¢y, be satisfied for velocity ¢, Then for ¢ close
to €y, the principal term of expansion (2.10) has a minus sign, If, however, ¢ is
close to Cyp, the sign of the principal term in that equation is positive, In the first case
crests and troughs of the free surface lie over the crests and troughs of the bed line, In
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the second case the troughs of surface waves lie over the crests of the bed line and the
crests of the former lie over the troughs of the latter, The relative position of crests
and troughs of the bed line and of the surface wave profile in the next following inter-
val ¢y, <€ << Cgpyy I8 Similar, It was assumed in this analysis that all f§; > 0 and
that the first term in formula (2, 9) is the principal term of the expansion which defines
the shape of the bed line,

Analysis of the solution of the linear problem for ¥(®=f= v, and the bed line speci-
fied in the form of series (1, 3) is given in Sect. 4 and Note 4, 3 (see also p, 380 in [1]).

8, Solution of fundamental equations of the problem, Aswas
already noted at the end of Sect, 1, it is necessary to consider the two cases of v ==
v, and v® ==+, when solving the system of Eqgs, (1,19}, (1.23),(1, 24),(1.27).(1.28)
and (1, 30), We shall indicate the method of solution derivation in both cases, In the
first case we present the results of determination of the first three approximations, In
the second case a detailed analysis of v® = v, is given as an example, Parameter X,
is selected so as to have the eigenvalue of v, simple and positive, The first two appro-
ximations are completely calculated, while the third approximation is not entirely deter~
mined, For v = v _ = v, (n 5= m) we present only the method of constructing
the solution,

3.1, The case of v == v,,. As previously noted, the solution in this case is
constructed in terms of expansions in integral powers of &. For every coefficient of ex«
pansion of function { (8, ¢) a linear nonhomogeneous Fredholm integral equation of
the second kind with kernel K* (v, ) and parameter v(0) is obtained, All these equa~
tions are successively solved by the first Fredholm theory, and for the determination of
the coefficients of expansions of remaining unknowns we obtain a system of linear alge~
braic equations, In this always solvable system the coefficients of a particular approxi-
mation are explicitly expressed in terms of quantities determined in preceding approxi-
mations,

The expressions for {* (6, €), £ (0, &), 8’ (g) and A, (g),determined by the first
three approximations are

C* (8, &) = — &P, cos 0 — £2Dy, cos 20 — &7 (Dy3c088 + Dgy cos 30) (3.1)
T (0, &) =& Cyy cos 8 4 £2Cy, cos 20 -+ €3 (Cyg cos 8 4 sy o8 36)
& (8) T e KQCII — 32(1(14340022 b 2A02 + 1/4’}CQCIIE11) + 8353‘
Ao (8) = Bong LD e Z‘ 82 [(\’B},I + Cl}_) Blz}
where VO, (4B
Cu = vy — 30 (vl* dl) (3. 2)

(0) 3
Cyy = »-—L-\i%)-[ Dy, + (d1 +7 7‘50011) Ey — dz}

Dyy = 31( by 20‘1} + 28y, Ey=— ( Ci+ 23‘)

(0} {0},
Vg Vg
Eopo= — < Car +5x Dzz) Ciz = mcm*s Cas= N—) Cas™
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Here C3* is a linear function of Cy:3, C3*Byy Cuafi®y C1iCass Casfrs s Cuifa,
BiBs, Crids, 11d1ﬁ1a Ci?dyy d1Ch, Bids, Pi’dy; D4y does not explicitly depend on
d; and d, and is a linear function of the same products of coefficients Cyy, Cys, B1
and Po, as Ci3*, except C,;3; C,q* is a linear function of the same arguments as C,*
and, in addition, of f; and ds; Djg does not explicitly depend on d,, d, and d; and is
a linear function of fi; and of the same products of coefficients Cy,, Cy2, B1s P2 as
Cy3*, except Cp,% 8, is a linear function of Ciss Casy Cii®, Cii®Brs Bi*Crrs CuiBrl?
CinEg, E1iCos.

3.2, The case of v(® = v;. Inthis case, when the solution is derived in the
form of series in g% for the first coefficient of expansion { (8, &) we obtain a homo-
geneous linear integral Fredholm equation of the second kind with v(® == v, which is
solved by the second Fredholm theorem, Equations for all subsequent coefficients are
the same but nonhomogeneous for the same parameter v(0 =— v, These equations are
solved by the third Fredholm theorem. The coefficient in the nth approximation of the
solution of the homogeneous equation is determined by the condition of solvability of
the equation in the (n -+ 2)- nd approximation,

Each of the coefficients (C,,, C,, and (,, are successively determined by the rela-
ted condition of solvability of the equation in the third, fourth and fifth approximations,
Coefficient ('}, was not calculated, because the fifth approximation was not determined,
The coefficients of expansions of remaining unknowns are determined as in the case of
V(O o= v,

The expressions for § (6, ), {* (6, €), & (&) and 4, (&), determined by the first
three approximations are

C* (8,e) = — £B;cost (3. 3)
£(6,8) = &' Cyy cos O + &% C,, cos 20 + € (€13 c08 8 + Cgy cos 30)

6'(3)2—3/330011‘!'3/’[ (V1*~"+4v ) 71;%0022]'*"853'

L
Ao(e) = *Z'gh(Vfﬁ_‘i)an

where
Cy= (d, 43‘) (8.4)
32v4'3 (va — V1)
(Vz — v} {8(3 — 2vi'?) + 12sv1" (1 — v1"D)] -+ Sne?viveve’

C o 3 VivVero
227 TG (vr — Vi)

1® Oy = vws C *
where C,,* is a linear function of C;,® and C11Css; 53’ is a linear function of C
Css, C1p® and  Cy,C,yy, and coefficient C;, = 0.

We recall that in both cases T (0, &) and t* (8, &) are determined by (1.11) and(1,31),
and @ (0, &) and O* (6, &) by (1. 32).

3.8, The case of v —wv_ = v, (n == m). In this case the solution is derived
similarly to the case of v(0) — y_ ,but the solution of the homogeneous integral equa-
tion contains the sum (; cos n -4 C;,, cos mB inevery ith approximation, In the
general case coefficients ,;,, and (;,, are determined by the condition of solvability
of the equation in the (i -+ 2)-nd approximation,

13
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4, Determination of the wave profile, The wave profile is determined
in the parametric form z (0, ¢) and y (0, &) by formulas (1, 9). We pass to dimension-
less coordinates  / A and y / A without altering the notation and, after substituting
the obtained @ (0,e) and T (0, €), we obtain the parametric equations for the profile,
Eliminating from these equations 0, we reduce the equation for the profile to the form
y =y (z, €).

Assuming 2; = k, tne equation of the wave profile approximate to within third
order terms in both cases are:

In the case of v(O = v,

y(&, €) = - {oCu (cos ke — 1) + 6% (Cop — EnaCur) (cos 2k —1) 4 (4:1)
1 3 ,
5 83[6013 + 5T (B2 —4)Cy®— 6 V—I»B:,—I; Ciy (Cn — TB;F) +

3 3

- CrE? — 5 CyEq + 3(}22Eu] (coskzr — 1) + % g3 [g. Cyy —
7 5

7 01’ + g Cukn® — % CiEyp — szEu] (cos 3kz — 1)

where coefficients C;; and E;; are defined by formulas (3.2).

In the case of v(® = v, the expression for y (z, €) is obtained from (4.1) by sub~
stituting in it &'* for & , and in the expressions for Ey;, £y, and Dy, setting f§;,=
Bz = 0 and d; = d, = 0. In this case coefficients C;; are determined by formulas
(3.4).

Note 4,1  When determining y (z, ¢) we transfer the coordinate origin of the
point of intersection of the Oy-axis with the wave profile, Hence, assuming that v, <
v(0)< v, and analyzing the principal term of (4.1), we conclude that, depending on the
sign of €y, ,either a crest or a trough of the surface wave may be present over the crest
of the bed line. It follows from (3, 2) that this sign is determined by the relationship bet-
ween coefficients §, and d;.

Note 4,2, If v\ = v, corresponds to the eigenvalue of the kernel of the integral
equation, we have the particular case mentioned at the beginning of this paper, In fact,
for v\ = v, from formulas (1.16) and (1.23) we obtain expression (2, 5) which in this
particular case links in a linear approximation ¢ and &, .

Note 4,3, When v\® == v, and the bed line is specified in the form of series(1,3),
the analysis of the solution of the linear problem is similar to that presented in Sect. 2,
2.2 with n = 1. To allow for subsequent harmonics it is necessary to add to the first
harmonic in the first term of series (1. 3) the sum of n harmonics of the i th order (i =
2,3, ..., n.

If one considers that the solution of the linear problem is determined by the principal
term of the complete solution, the result of investigations described in Sect, 2, 2,2 may
be also applied to the solution of the nonlinear problem,

5. Existence and uniqueness of solution of the problem, With
the use of the Liapunov-Schmidt methods and their developments [7] we establish the
following theorems,

Theorem 5.1, For v(® == v, the system of Eqgs, (1.19),(1.23),(1.24),(1,27),
(1.28) and (1. 30) has a unique small with respect to & , and continuous with respect to
0 (0 << 0 < 2n) solution [* (0, &), £ (O, e), (0, &) / A, s(0, &), A, (e),
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6 (e) (8" (e) =8 (e) — 1), and for small | € | << e, this solution is an analytic
function of &,

Theorem 5.2. For v(® = v,, where v, is a simple positive eigenvalue, the sys-
tem of Egs, (1.19), (1. 238),(1.24),(1.27),(1.28) and (1, 30) has a unique, small with res-
pect to €, and continuous with respect to 6 (0 <C 8 <C 2m) solution ¢* (9, €), ¢ (9,
e),z(0,e)/R,s (0, &), A, (g), & (g), and this solution can be represented in the
form of series in g% convergent for small | & | <Cg,.

The proof of these theorems is similar to that given in [8, 9].

These theorems imply the absolute and uniform convergence of series for @ (9, &),
T(0, ), D*(6,e) and 1* (0, €). The convergence of series in powers of &€ and in gls
(for v(® = v,) of integrands in (1, 9) follows from general theorems of the analysis of
substitution of series into series, The convergence of series whose approximate sums are
defined by formulas (4,1) and (4, 2) is established on the basis of such general theorems.
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